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Abstract 

We prove that for any pair of i.i.d. random variables X, Y with 
finite moment of order a € (0, 2] it is true that 

E[x - y|" < E|x + y[". 

Surprisingly, this inequality turns out to be related with bifractional 
Brownian motion. We extend this result to Bernstein functions and 
provide some counter-examples. 



1 Introduction 

Let X, Y be i.i.d. random variables with finite expectations. Then it is true 
that 

E\X -Y\ <E\X + Y\. (1) 
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Inequality ([T]) appeared recently in the analytic context (properties of inte- 
grable functions) |3] . Since ([T]) is a nice fact itself and it seems not to be well 
known in the probabilistic world, it is desirable to search for adequate proofs 
and consider eventual extensions for it. In particular, is it true that 

E|X-F|" < E|X + F|'^, (2) 

provided X and Y are i.i.d. and E|X|" < oo? 

Proving ([1]) is a non-trivial exercise for a Probability course. In particular, 
([1]) follows from the identity 

/■oo 

E|X + Y\- E|X - r I = 2 / [P(X > r) - P(X < -r)f dr. 

Jo 

However, we are not aware of a similar elementary approach to ([2]). In this 
note, we show how ([2]) suddenly emerges from some recent advances in the 
theory of random processes. 



2 Main result 

We prove the following result. 

Theorem 1. Let a G (0, 2] . For any pair of i.i.d. random variables X, Y 
such that E|X|° < oo it is true that 

E\x-Yr < Eix + rr. 



Proof: For the proof we will need the definition of the bifractional Brownian 
motion introduced by Houdre and Villa in It is a centered Gaussian 

process B^'^ = (^5f'^,t > with covariance function 

s)=E (Sf '^i^f = ^ ((t^^ + s'^'f -\t- , t,s>0. 

Note that letting K = 1 yields a usual fractional Brownian motion . Orig- 
inally, the process was defined for the parameters H G (0, 1] and K G (0, 1]. 
Bardina and Es-Sebaiy pQ proved recently that B^'^ exists provided that 
{H, K) G where 

V := {H,K -.Q < H <l,Q < K <2,HK <l}. 

(Actually a hint for this extension is contained in a preceding work by Lei 
and Nualart [4J who established an integral representation relating B^'^ with 
fractional Brownian motion B^^). 
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Now we relate our problem to a particular bifractional Brownian motion. 
Note that for any u, f G M and a G (0, 2] one has 



m + t> r — \u — v\ 



{\u\ + — \\u\ — Mf > 

|m| — |f II" — {\u\ + |f I)", Mf < 



which can be briefly expressed as 
((|m| + |f I)" — 11^1 — |f 11°) sgn{u)sgn{v) = 2"R^^'^'°'{\u\, \v\)sgn{u)sgn{v). 

Let (^Bl^'^'"',t ^ j be a bifractional Brownian motion with H = 1/2 and 
K = a. Set 

/ + 00 
B\l\'°'sgn{u)P{du), 
-oo 

where P stands for the common distribution of X and Y . Then 

/+00 r+oo 
/ /?^/2'°(|m|, \v\)sgn{u)sgn{v)P{du)P{dv) 
-OO J — OO 

/ -i\u+vr-\u-vnPidu)Pidv) 

-oo J —oo ^ 

= —\E\x + rr - E|x - Yn. 



□ 



3 Further extensions and counterexamples 

Inequality trivially extends to the case a = oo in the following sense. Let 

M = sup{r : P(X < r) < 1}; 
m = sup{r : P(X < r) = 0}. 

Then 

||X -F| loo = M-m < 2max{|M|; |m|} = ||X + r||oo. 

However, without further assumptions ([2]) does not hold in general for 
2 < a < oo. To see this, let us fix a G (2, oo), c > 0. For any M > c let 
g=jg,p=l — g. Let Xm, Ym be i.i.d. random variables such that 

p(Xm = i) = P(rM = i)=p; 

P(Xm = -M) = ]P{YM = -M) = q. 
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If M > 1, then 

— YmI" — E|XAf + YmI" 
= 2pq [{M + 1)° - (M - 1)"] - 2°M"g2 - 2V 
> ApqaM"-^ - 2"M°g2 _ 2 V 

Hence, whenever c < 2^~"q; and M is large enough, 

K\Xm - FmI" - E|Xm + > 

and ^ fails. 

It is natural to ask for which class of functions F{-) inequality ([2]) extends 

to 

EF{\X -Y\) <EF{\X + Y\). (3) 

Recall that a function G : R_|_ is called Bernstein function, if it admits 

a representation 

/■oo 

G{X) = a + bX+ (1 -e-*^)/i(dt), 

where a, 6 > 0, and a measure /i on (0, oo) satisfies integrability condition 
Jg°° min(t, l)/i((it) < cxd. In a recent monograph ^ one can find an exhaustive 
information about the importance of Bernstein functions in Analysis and 
Probability, their properties, as well as a large list of such functions. 

Theorem 2. Let G be a Bernstein function. Then F{X) := G'(A^) satis- 
fies for any pair of i.i.d. random variables X, Y . 

Proof: Since 

F{X) = a + bX^ + (l-e-*^')^(dt), 

it is enough to check ([3]) for elementary functions Ft{X) := — e~*^^. Indeed, 
from the identity 



(2n + l] 

n=0 ^ ' 



we infer that 

(r,f\2n+l ^ , 

E mx + Y\)-F,{\X-Y\)] = 2J2 7^^^ [e (x2"+^e-*^^ 

n=0 V ^ 



2 

> 0. 



□ 



Theorem 1 is a particular case of Theorem 2 because G{X) = A" are 
Bernstein functions whenever < a < 1. 
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